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We study large N behavior of the IIB matrix model using the equivalence between
the IIB matrix model for finite N and a field theory on a non-commutative periodic
lattice with NN sites. We find that the large N dependences of correlation functions
can be obtained by naively counting the number of fields in the field theory on the non-
commutative periodic lattice. Furthermore the large N scaling behavior of the coupling
constant g is determined if we impose that the expectation values of Wilson loops are
calculable.
1 Introduction
Four year ago, the large N matrix models were proposed as superstring theories [1, 2, 3, 4].
The IIB matrix model [2] is the zero volume limit [5] of a ten-dimensional super Yang-Mills
theory. The gauge elds in the IIB matrix model is written by N  N hermitian matrices.
The eigenvalues of these matrices are interpreted as space-time coordinates. This model
represents an open space-time because the eigenvalues of matrices can take values in the
innite region. Some studies of a closed space-time with periodic boundary conditions are
done by changing the hermitian matrices for unitary matrices [6]. When N = 2, we can
successfully integrate the fermions by hand and investigate analytically the model with the
bosonic degrees of freedom [7]. However, it is almost impossible to study in a similar method
when N > 2.
In the IIB matrix model, space-time coordinates are written by the gauge elds and they
do not commute in general. In ref. [8] toroidal compactications of the matrix models on
the non-commutative torus were investigated. Since then, non-commutative geometries in
string and matrix theories have been vigorously studied.
The commutation relations of the elds in non-commutative space-time are very similar
to the commutation relations of U(N) algebra, which were investigated in the context of
supermembranes [9, 10, 11, 12]. In fact it is known that there is a one to one correspon-
dence between the action of a N  N matrix model and that of the eld theory on a non-






Since the commutation relations of coordinates of the NCPL are proportional to 1
N
, we may
expect that the matrix model in the large N limit has a one to one correspondence to a eld
theory on the continuous torus.
A naive large N limit of the IIB matrix model is the Schild action on a torus [16].
Therefor the Schild action on a torus is one of the best candidates for the large N limit of
the IIB matrix model. However we nd that the large N dependences of some expectation
values in the IIB matrix model for nite N are dierent from those in the regularized Schild
theory on a periodic N  N lattice. Since we usually use eld theories to consider systems
with innite degrees of freedom and the large N limit of the IIB matrix model is a system
with innite degrees of freedom, it is natural to search for a eld theory of the IIB matrix
model in the large N limit. Then we just propose a few eld theory on a torus which gives
the same N dependence for some expectation values as the IIB matrix model does.
We investigate the large N dependences of the correlation functions of the IIB matrix
model using the eld theory on the NCPL. We nd that the N dependences of some cor-
relation functions in the matrix model, which were calculated by Monte Carlo simulations,






can have non-trivial values in the large N limit if we demand g2N = O(N0).
This paper is organized as follows. In section 2 we review the isomorphic mapping from
a U(N) matrix model to a eld theory on the NCPL. In section 3 we discuss the large N
behavior of correlation functions using the eld theory on the NCPL, which is isomorphic
to the IIB matrix model. In section 4 we discuss the eld theory which corresponds to the
IIB matrix model in the large N limit. We show that the IIB matrix model cannot leads
to the Schild action [16] straightforwardly. The nal section is devoted to conclusion and
discussions.
2 Mapping between U(N) Algebra and Field on
Non-Commutative Periodic Lattice
There are some investigations of the large N limit of SU(N) algebra [9, 10, 11]. We choose the
Moyal bracket representation as a basis of U(N) algebra [17, 18]. U(N) algebra1 is generated
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1We assume N is odd for definiteness.
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The U and V satisfy following relations,
UN = V N = 1 , (3)
V U = ei
4pi
N U V . (4)




m1m2 Um1 V m2 . (5)
The commutation relations of Tm( T(m1,m2)) are given by [17, 18]







12 = −21 = 1, a, b = 1, 2). (6)
This type of commutation relation is satised by plane-wave functions on the two-dimensional
non-commutative torus on which the coordinates satisfy [8]












which maps N  N hermitian matrices to functions on the two-dimensional N  N lattice





. Note that (σ) satises
((σ1 + `1, σ2 + `2)) = ((σ1, σ2)) , (`a 2 Z) . (9)
Eq.(8) represents an inverse Fourier transformation of the matrices Tm which have momen-
tum 2pim. Using this (σ), a hermitian matrix A is mapped to a eld on T22
N
as
A(σ) = Tr((σ)A). (10)










ab(σ−τ)a (σ−ω)b A(τ)B(ω) . (11)























 A(σ) e i2piN ab −∂ a−!∂ b B(σ) , (13)
where the partial derivative ∂a is used symbolically but it becomes a usual derivative in the
large N limit. Then the diamond product is a discrete-space version of the star product [13].
Let us consider an action of matrices Ai,
S = TrF (Ai). (14)








where F() denotes that the functional form is the same as F () but all the products of
matrices are replaced by the diamond products of the corresponding elds on T22
N
.





So far we have considered a U(N) matrix model, but it is obvious that we can follow the




3 Field Theory on Non-commutative Periodic
Lattice as IIB Matrix Model
We apply the mapping in the previous subsection to the IIB matrix model [2]. The action















where Aµ(µ = 1, 2, . . . , 10) and Ψ are N N hermitian matrices and Ψ are ten-dimensional
Majorana-Weyl spinors. Then the corresponding action of the eld theory on T22
N
is given

















We consider the N dependence of correlation functions with the eld theory on the NCPL
(18) and we show that the results obtained by Monte Carlo simulations [19, 20] are derived.
The starting point is the fact that the expectation values of the bosonic and the fermionic
parts of the action are proportional to N2, respectively [19]. We shall explain it with the



















2 ]−4) Z[κ = 1]. (19)
Next, we shall dierentiate Z[κ] by κ and take κ ! 1 limit. Then the expectation value of

















(N2 − 1) . (20)
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If we demand
g2N = O(N0) , (25)





= O(N0) . (26)
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can have non-trivial values, which is necessary in order that the IIB matrix model is the




should be the double-scaling limit for the IIB matrix model.
It is obvious that we can follow the same arguments with the bosonic model,
Sb = − 1
4g2
Tr([Aµ, Aν ]2) , (28)
and it gives the same results for the N dependences as the supersymmetric model (17) and
hence, for example, eq.(24) holds. In Refs.[19, 20], some correlation functions were calculated
by Monte Carlo simulations and those results actually agree with ours.
4 Large N Limit of IIB Matrix Model
It would be quite dicult to write down the action of the IIB matrix model in the large N
limit directly from the original action (17). On the other hand, eq.(18), a eld theory on a
periodic lattice, resembles the Schild action [16] and hence one may think that the Schild
action would be the one in that limit. In fact the following arguments would support such
expectations. First, eq.(7), the commutator between two coordinates of the NCPL vanishes
in the N ! 0 limit. This means that a eld theory on the NCPL (18) becomes a eld theory
on an ordinary commutative continuous torus. Next, the commutation relations of elds
using the diamond product are given by




















where the partial derivative in the rst term on the r.h.s. may be regarded as the dierence
on the periodic lattice. In the large N limit we could neglect O( 1
N2
) terms in (29), and then









































4 Ψ(σ) = pi−
1
4 Tr((σ)Ψ) . (32)
This means that the IIB matrix model of nite N could be approximated by the lattice-
regularized Schild action. The size of the matrix N is the same as the number of sites for
each direction. This argument is the inverse of the matrix regularization of the Schild action
[16] using the NCPL.
However we show that the Schild theory (31) is not the large N limit of the IIB matrix
model. First we have seen that the large N behavior of the elds (21,22) depends on the N
dependence of the action. Next, the N dependence of the IIB matrix model (18), however, is
dierent from that of the lattice-regularized Schild action (30). In fact, following the similar







2 ) , (33)
So we must conclude that (31), which obtained in the naive large N limit, is not the large
N limit of the IIB matrix model.
What is wrong with the argument that the Schild action (31) can be regarded as the
large N limit of IIB matrix model? The crucial oversight of such arguments is that we have
neglected O( 1
N2
) term in (29). This is justied only if the Kaluza-Klein momenta on the
torus, m, is suciently small compared to N . The assumption in the previous section, i.e.,
the order of N is not aected by the commutation relations in order to estimate the large
N dependence [21], means that the congurations of the large momenta of order N play a
crucial role in calculating correlation functions.
5 Conclusion and Discussions
We have noticed the equivalence between the IIB matrix model (17) and the eld theory on








AmTm in the momentum representation, respectively and eq.(18) is the action in
the coordinate representation. We found that we can easily show the large N dependences for
correlation functions using the action in the coordinate representation. We have shown that
any correlation functions h 1
N
TrF (A,Ψ)i could have nite and nontrivial values when we take
g2N = O(N0). Our analysis is applicable to the bosonic model (28) since supersymmetry
does not play an important role in counting the powers of N in our arguments. One might
think that the N dependences of correlation functions would be dierent in supersymmetric
and bosonic models, however, the distributions of the eigenvalues of the bosonic matrices in
both models agree with each other [4, 19], which will support our analysis. Some correlation
functions were calculated in the bosonic model using Monte Carlo simulations before [19, 20]
and our results agree with those.
We regard the IIB matrix model for nite N (17) as a regularized action of some eld
theory. The Schild action [16] is a well-known candidate for such a eld theory. Actually a
7
IIB matrix model (SMIIB) Schild action (S1)
SU(N) area preserving dieomorphism
δA
µ = i[, Aµ]
δΨ = i[,Ψ]
δλ(σ)A












































Table 1: Correspondence of symmetries between IIB matrix model and S1
naive large N limit of the action of the eld theory on the NCPL (18) is the Schild action
(31). We have seen that the N dependence of an action is crucial for calculating the N
dependences of correlation functions. The lattice-regularized Schild action (30), however,
has dierent N dependence from that of the IIB matrix model (18). This dierence comes
from the fact that we have neglected the O( 1
N2
) terms in the commutation relations in
(29), which will be justied only if large momentum modes do not essentially contribute in
calculating correlation functions. Thus the large momentum modes m = O(N) equally or
crucially aect in calculating correlation functions since our results agree with the results by
Monte Carlo simulations [19, 20].
Then what sort of action can we have for the IIB matrix model in the large N limit?
















Ψ(σ) ab ∂a /A(σ) ∂bΨ(σ)

, (34)
S1 (34) is dierent from the Schild action (31) by the factor N
−2. Although we can write
down S1 by rescaling the elds in the Schild action (31), we can not lead to S1 directly from
the action of the IIB matrix model (17). S1 is, however, one of the most possible candidates
for the action of the IIB matrix model in the large N limit because each symmetry of the IIB
matrix model corresponds to one of the symmetries of S1, respectively (see Table1). On the
other hand, we could adjust the N dependence by reducing the number of the derivatives.





dσ2A2νf∂a(Aµ(σ)g2 as a bosonic part
of an action, we shall discard the correspondence of some of the symmetries.
There may be other eld theories which have the same N dependence as in the IIB matrix
model and one of them must be the true action of the IIB matrix model in large N limit.
8
If we could nd such an action, we would know much more informations such as the true
vacuum. Searching such an action is one of the most important subjects in studying the IIB
matrix model.
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